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LINEAR REPRESENTATIONS OF Aut(Fr) ON THE
HOMOLOGY OF REPRESENTATION VARIETIES.
YAEL ALGOM-KFIR AND ASAF HADARI
Abstract. Let G be a compact semisimple linear Lie group. We study
the action of Aut(Fr) on the space H∗(G
r;Q). We compute the image of
this representation and prove that it only depends on the rank of g. We
show that the kernel of this representation is always the Torrelli subgroup
IAr of Aut(Fr).
1. introduction
Let G be a group. The group Gr can be naturally identified with the set of
all homomorphisms ρ : Fr → G, where Fr is the free group of rank r. As such,
the group Γ = Aut(Fr) acts on G
r by precomposition. When G is a topolog-
ical group, this action can be studied using topological tools. One example
is to study the induced action of Γ on H∗(G
r;Q). This gives rise to a linear
representation of Γ, which we call H(G). In this paper we calculate the kernel
and isomorphism class of this representation when G is a compact semisimple
Lie Group.
In [CLM00], Capell, Lee, and Miller carry out a similar calculation, taking a
surface group instead of Fr, a mapping class group instead of Γ, and restriciting
to the case on G = SU(2). They find that the kernel of the action is an infinite
index subgroup of the Torelli group. In contrast to this, we find:
Theorem 1.1. Let G be a compact semisimple Lie group. Then ker(H(G)) =
IAr, where IAr is the subgroup of Γ that acts trivially on Fr/[Fr, Fr].
One immediate consequence of this theorem, is that the representation H(G)
can be thought of as a Out(Fr) representation. Using the fact that Γ/IAr ∼=
GLr(Z), we are able to get a precise description of these representations as
GLr(Z)-modules. One main feature of this description is that the isomorphism
class of H(G) depends only on the rank of the Lie algebra of G.
Theorem 1.2. Let G be a compact semisimple Lie group, and g be its Lie
algebra. Let A = Fr
[Fr,Fr]
⊗Q, then, as a GLr(Z) module:
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H(G) ∼=
rank(g)⊗
i=1
Λ(A)
It is possible to generalize the construction of the representations H(G) in the
following way: given a finite index subgroup K < Fr, we have a finite index
subgroup ΓK < Γr such that ΓK(K) = K, an inclusion ΓK → Aut(K), and a
representation:
ρK : ΓK → GL(H∗(G
rank(K);Q))
We induce this representation to Γ and define:
HK(G) = Ind
Γ
ΓK
(ρK)
We prove a similar result, namely that:
Theorem 1.3. Let G, G’ be compact semisimple Lie groups, and let K < F
be a finite index subgroup. Then:
ker(HK(G)) = ker(HK(G
′))
Furthermore, if rank(g) = rank(g′) then
HK(G) ∼= HK(G
′)
The image of these homomorphism were studied by Lubotzky and Grunewald
in [GL09], in the case where G = SO(1). One of feature of this generalized
construction is that the extended family of representations is asymptotically
faithful, that is: for every γ ∈ Γ and for every G, ∃K < Fr of finite index
such that HK(G)(γ) 6= Id. This follows directly from the residual finiteness of
Fr. Note that the generalized representations HK(G) are no longer Out(Fr)
representations.
2. The rational homology of Lie groups
2.1. Pontryagin and intersection structures. Given a compact Lie group
G, consider the continuous map µ : G × G → G given by µ(a, b) = ab. This
induces a linear map: µ∗ : H(G;Q) ⊗ H(G;Q) → H(G;Q). The map µ∗
gives H(G;Q) the structure of a ring, called the Pontryagin ring. We denote
Pontryagin ring multiplication using the · symbol.
The structure of (H(G;Q), ·) is classic and has been calculated by Pontrya-
gin in [Pon39]. For the sake of simplicity, we state it first for simple non-
exceptional Lie groups. The root system of such Lie groups belong to the one
of the infinite families: An, Bn, Cn, Dn, where n is the rank of the Lie algebra
of G . This root system entirely determines the above structure. To each such
root system, assign a finite sequence in the following way:
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An : 3, 5, . . . , 2n+ 1
Bn : 3, 7, . . . , 4n− 1
Cn : 3, 7, . . . , 4n− 1
Dn : 3, 7, . . . , 4n− 5, 2n− 1
Note that in the case of Dn, the sequence is not arithmetic. Let i1, . . . , in be
the sequence assigned to G. Then:
(1) H∗(G;Q) ∼= H∗(S
i1 × . . .× Sin)
where Sj is the j-dimensional sphere. Given a basepoint
p1 × . . .× pn ∈ S
i1 × . . .× Sin
and an index 1 ≤ l ≤ n, there is an inclusion given by
(2)
Il : S
il →֒ Si1 × . . .× Sin
x → (p1, . . . , pl−1, x, pl+1, . . . , pn)
The isomorphism in equation (1) can be made explicit, by finding a il-dimensional
submanifold of G for every l , which we call T l such that si = [Il,∗(S
il)] corre-
sponds to [T l], where [·] denotes the image in homology.
The Pontryagin structure is also known: it is a graded Grassman algebra with
a unit and one generator of dimension ik for each S
ik , which we denote tk,
where tk is the homology class of T k. The set of generators will be denoted
P(G). In the sequel, we will write ik = dim(t
k). Under the isomorphism
in equation (1), the Pontryagin structure corresponds to the direct product
structure.
Example 2.1. Let G = SO3(R). Then H∗(G) ∼= H∗(S
3 × S5). The Poincare
polynomial of H∗(G) is 1 + x
3 + x5 + x8. As generators for the Pontryagin
structure, we have ti ∈ Hi(G) for i = 1, 2, with dimensions 3, 5, and unit,
which we call 1. The space H8(G) generated by t
1 · t2 = −t2 · t1.
The situation for general semisimple groups G (including the simple excep-
tional Lie groups) is similar. As in the simple case, H∗(G) is isomorphic to the
product of rank(g) spheres, where g is the Lie algebra of G. Furthermore, the
Pontryagin structure is once again a Grassman algebra defined in the same
way.
In this article we are interested in the homology of two different groups: G
and Gr. We find it convenient to modify the notation above when considering
the homology of Gr, despite the fact that it too is a semisimple Lie group.
For 1 ≤ i ≤ r we have natural inclusions ∆i : G → G
r which induce maps
(∆i)∗ : H∗(G) → H∗(G
r). Given tj ∈ H∗(G) we denote (∆i)∗(t
j) = tji . The
elements tji are the same generators ofH∗(G
r) discussed above, but are indexed
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differently. A product of the tji ’s is called a monomial. Notice that the set of
monomials is finite.
Example 2.2. Suppose G = SU(2)n. The Poincare polynomial of SU(2) is
1 + x3. The Poincare polynomial of G is Σnj=1
(
n
j
)
x3j . As a ring, it is
generated by the elements t11, . . . , t
1
n, all of which have dimension 3.
2.2. Diagonal inclusions. Give 1 ≤ i ≤ k ≤ r, the the diagonal inclusion
∆i,j : G → G
r maps g ∈ G to the element with g in the i and k components,
and Id in all other components. Notice that we allow the case i = k.
The map assigning a group to its Pontryagin ring is functorial, and the ho-
momorphisms ∆i,k induce ring homomorphisms ∆i,k : (H(G), ·) → H(G
r, ·).
Thus, to give an explicit description of these maps, it is enough to calcu-
late them for elements t = tj ∈ P(G). We first notice that if i = k, then
∆i,i(t
j) = tji ∈ P(G
r). In what follows, assume i 6= k.
Proposition 2.3. In the notation above, ∆i,k(t
j) = tji + t
j
k
Proof. We find it convenient to work in the setting of a product of spheres.
Let D = dim(tj). The map ∆i,k factors in the following way:
H∗(S
D)
(∆1,2)∗
−−−−→ H∗(S
D × SD)
Ij×Ij
−−−→ H∗(G×G)
∆i,i·∆k,k
−−−−−→ H∗(G× · · · ×G)
where the maps Ii, Ik are defined in equation (2). The vector space HD(S
D ×
SD) is two dimensional, and is generated by a = ∆1,1([S
D]) and b = ∆2,2([S
D]).
The manifolds ∆1,1(S
D) and ∆2,2(S
D) each intersect ∆1,2(S
D) once, so we have
four possibilities (∆1,2)∗([S
D]) = ±a± b. Let s : SD×SD → SD×SD be given
by s(x, y) = (y, x). We have that ∆1,2 = s◦∆1,2, so we are left with two options:
(∆1,2)∗([S
D]) = a + b or −a − b. Let p : SD × SD → SD be the projection
to the first factor, given by p(x, y) = x. We have that p ◦ ∆1,2 = Id, which
rules out −a− b. Thus (∆1,2)∗([S
D]) = a+ b. Let φ = (∆i,i ·∆k,k) ◦ (Ij × Ij),
by definitions, it follows that φ(a) = tji , φ(b) = t
j
k, so φ(a + b) = t
j
i + t
j
k, as
claimed. 
3. Calculating the action of generators of Γ
Choose a basis {a1, . . . , ar} for Fr. A (right or left) Nielsen transformation
with respect to this basis is an automorphism of the form:
NRi,j(ak) = aka
δj(k)
i
or
NLi,j(ak) = a
δj(k)
i ak
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where δi(k) is the Kroenecker delta function. The group Aut(Fr) has a index
2 subgroup that is generated by Nielsen transformations.
For 1 ≤ k ≤ r define pk : G
r → G to be the k–th coordinate projection. Let
trunck : G
r → Gr by the rule:
trunck(g1, . . . , gr) = (g1, . . . , 1, . . . gr)
where the 1 is in the k–th coordinate.
Proposition 3.1. The maps NRi,j and N
L
i,j induce ring homomorphisms of the
Pontryagin ring of G. Furthermore, these homomorphisms are both equal, and:
NRi,j(t
k
l ) = N
L
i,j(t
k
l ) =
{
tkl l 6= i
tki + t
k
j l = i
Proof. By definition NRi,j and N
L
i,j factor through the maps shown in the fol-
lowing commutative diagrams.
Gr
∆1,2
//
NRi,j
22Gr ×Gr
(trunci,Id)
// Gr ×Gr
(Id,∆i,j◦pi)
// Gr ×Gr
µ
// Gr
Gr
∆1,2
//
NLi,j
22Gr ×Gr
(Id,trunci)
// Gr ×Gr
(∆i,j◦pi,Id)
// Gr ×Gr
µ
// Gr
Where µ is the Pontryagin product. Now, let
ΨR = (Id,∆i,j ◦ pi) ◦ (trunci, Id) ◦∆1,2
and define ΨL similarly. The maps ΨR,ΨL are homomorphisms, and as such
the induced maps on Homology are Pontryagin ring homomorphisms. Thus,
to calculate the action of these homomorphisms, it suffices to calculate their
action on generators.
Notice that the inclusion of Gr into Gr × Gr necessitates the addition of an
index. We will use the notation (t)1 or (t)2 to denote the image of t in H∗(G
r×
Gr) under the maps ∆1,1, ∆2,2. By proposition 2.3, we have that:
∆1,2(t
k
l ) = (t
k
l )1 + (t
k
l )2
By definition, we have that
(trunci, Id)(t
k
l )s = δl,iδs,1(t
k
l )s
that is - the map sends generators of the form (tki )i to themselves, and all other
generators to 0. Once again, by proposition 2.3 we have that:
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(Id,∆i,j ◦ pi)(t
k
l )s =


(tkl )s s = 1
δl,i
[
(tki )2 + (t
k
j )2
]
s = 2
Composing these maps, we get:
ΨR(tkl ) =
{
(tkl )1 i 6= l
(tki )2 + (t
k
j )2 i = l
Given x, y ∈ H∗(G
r), the definition of Pontryagin multiplication gives that
µ
(
(x)1(y)2
)
= x · y = µ((x · y)1)
In other words, µ removes the outside index, and sends multiplication to mul-
tiplication. In particular, µ(tkl )s = t
k
l , so N
R
i,j is as in the statement of the
proposition. The same line of reasoning holds for NLi,j . 
Consider the permutation σ = (12) ∈ Sr. The permutation σ acts on Fr by
exchanging the first and second generators. Nielsen proved [Nie24] that the
group Γ is generated by σ and by Nielsen transformations. The action of σ on
H∗(G
r) is given by:
σ(tkl ) = t
k
σ(l)
This gives complete description of the action of a set of generators of Γ on
H∗(G
r).
Example 3.2. Let G = SO3(R), and r = 3. Generators of H∗(G
3) are of
the form tkl where 1 ≤ k ≤ 2, 1 ≤ l ≤ 3. When k = 1, the dimension of the
generator is 3, and when k = 2 the dimension is 5. We have that:
NR1,3(t
1
1t
1
3t
2
1t
2
2) = (t
1
1 + t
1
3)t
1
3(t
2
1 + t
2
3)t
2
2
= t11t
1
3t
2
1t
2
2 + t
1
3t
1
3t
2
1t
2
2 + t
1
1t
1
3t
2
3t
2
2 + t
1
3t
1
3t
2
3t
2
2
= t11t
1
3t
2
1t
2
2 + 0− t
1
1t
1
3t
2
2t
2
3 + 0
4. Describing the image and the kernel of H(Γ)
The group Γ acts on the abelianization of Fr. Let A =
Fr
[Fr,Fr]
⊗ Q and let
α : Γ→ GLr(Q) be the homomorphism giving this action.
In this section we show thatH factors through α, and describe H as a GLr(Q)-
module. Fix an index k, and consider the linear map Ek : Λ(A) → H∗(G
r)
given on a basis by:
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Ek(ej1 ∧ · · · ∧ ejm) = t
k
j1
. . . tkjm
Ek(1Λ(A)) = 1H∗(Gr)
Given a subset S = {i1, . . . , il} ⊂ {1, . . . , rank(g)} , define the map
ES :
l⊗
Λ(A)→ H∗(G
r)
by setting:
ES(v1 ⊗ · · · ⊗ vl) =
l∏
j=1
Eij(vj)
The space
⊗l(Λ(A)) is a GLr(Q)-module and hence also a Γ-module.
Proposition 4.1. The maps ES defined above are Γ–equivariant.
Proof. It is enough to show equivariance for a set of generators of Γ. The
action of a Nielsen transformation NRi,j on A is given in the standard basis by
NRi,j(el) =
{
ei + ej l = j
el l 6= j
The action of NLi,j is the same. The map σ permutes the first and second
coordinates. The action of GLr(Q) commutes with the wedge and tensor
product, and hence ES ◦ α is exactly the same as the action calculated in
Proposition 3.1 .

Lemma 4.2. The following diagram commutes:
Γ //

GL(H∗(G
r))

GLr(Z) // GL(
⊗rank(g)
i=1 Λ(A))
Proof. This follows from Proposition 4.1 by letting S = {1, . . . , rank(g)}. the
map ES is an isomorphism, since both spaces have the same dimension. Indeed,
they are both Grassman algebras on the same number of generators in the same
dimensions.

Corollary 4.3. The kernel of the representation HG is precisely IAr. The
image depends only on rank(g).
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Proof. This follows from Lemma 4.2 and and the fact that
ker

GLr(Z)→ GL(rank(g)⊗
i=1
Λ(A))

 = Id
because, for example A ⊆ GL(
⊗rank(g)
i=1 Λ(A)) 
5. Describing the image and kernel of HK(G)
Recall that ΓK = {γ ∈ Γ|γK = K}. We can view the group ΓK as a
subgroup of Aut(K). As such Lemma 4.2 gives the following corollary.
Corollary 5.1. The following diagram commutes:
ΓK //

GL(H∗(G
rank(K)))

GLrank(K)(Z) // GL
(⊗rank(g)
i=1 Λ
(
K
[K,K]
⊗Q
))
Recall that HK(G) = Ind
Γ
ΓK
(ρK)
Corollary 5.2. We have that:
ker(HK(G)) = ΓK ∩ IA(K)
Where IA(K) is the subgroup of Aut(K) that acts trivially on the abelianiza-
tion of K.
Furthermore, if G′ is another compact semisimple Lie group whose Lie algebra
has the same rank as g then HK(G
′) ∼= HK(G)
Proof. For the first claim, we have that since HK(G) is a representation on Γ
induced from K, it is clear that ker(HK(G)) ⊂ ΓK . By corollary 5.2, we have
that ker(HK(G)) ∩ ΓK = IA(K) ∩ ΓK .
For the second claim, it follows directly from the diagram, since we are inducing
isomorphic representations from the same groups. 
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